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ABSTRACT 

The resonances in the toroidal beam pipes of the asymmetric st,orage rings are 

comput.ed. The change in tunes due to pipe’s curvature is studied. These effects 

are found to be negligibly small. The issue of free-space radiation is discussed. 

I. INTRODUCTION 

Thr curvat,urt of the beam pipe can lead to residual longitudinal and transverse 

forces on the particle beam even if the velocity of the particles approaches the 

velocit!- of light. In Section II, we compute the resonances that. exist in the toroidal 

beam pipes of the asymmetric storage rings. In Section III: the modifications t,o 

thr betat,ron tunes are studied. \Z’e find that the effects of these residual forces 

arc negligibly small. Finally in Section IV, free-space radia,tion is reviewed and 

its relation to the radiation inside a closed xxuum chanber is discussed. 

II. RESONANT IMPEDANCE 

111 a circular accelera,tor or storage ring, the beam pipe has the topology of a 

t,oroid. If the beam travels with velocity ,flc at a radius R: t,he elect,romagnetic 

wave traveling with t,lrr beam will have a phase velocity PC/R at a, radius T. When 
this pha,se velocity exc,ecds c: t,he electroma,gnet~ic wave will be ablr to propagate 

(in analogy t.o a straighf wawguidr). Because the toroidal bram pipe is closed, 

these are eigenwaves with discrete frequencies. These wases will act back on the 

bean and the beam sees a resonant impedance. As described above: the condition 
for this to happen is1 

R+P > 1 
R : (2.1) 

*Operakd by the Universities Research Association, Inc.: under contract with the US. De- 
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where II, is thr ra.dius of the outer edge of the beam pipe, In ot,her words. 

R_ I R : b. where b is the radial distance from the beam to the outer wall of 

the pipe. The asymmet.ric B factory consists of st.orage rings for electrons and 

positrons of a fen Ge\‘. -4s a result. Crit,erion (2.1) is always satisfied. 

These toroidal resonances hare been studied extensively in the literature.“’ 

Here.” the enrrgies of the two rings are 3.1 Ge\‘ and 9.0 Gel’ with corresponding 

ring circumferences 733.3 m and 2200.0 m The cross sections of the beam pipes 
are taken 1.0 be rectangular with full height h = 3 cm and half-width b = 6 cm. 

The valls of the pipes are assumed to be stainless steel wit,h a conductivity of 

(J = 1.37 x 106 (ohm-m)-‘. The frequencies and impedancrs Zt,; TE.TM of th.? first 

few resonances are list.ed in Table I and Tablr II. Here, (i.j) specifies t,he ordering 

of the modes. respectively in t,he radial and vertical directions. Unlike the usual 

definitions of TE and TiL1, they are defined here with respect to the vertical axis 

of the toroid. 

-7 
--- 

Mode I Frequency ’ Humonics i ZzE’TM/n ~ Q 
I 1 
I GHz 

I 
ohms / 

TElo ~ 182 

~ 

i 4.46E+5 6.24E-3 3.20Ew4 

TM10 228 5.58E,+5 ~ 8.613-3 ~ 1.6iE-4 

TE.20 ~ 287 6.57E~5 

TMzo ~ 314 7.67E+5 2.00%2 

9.57Et4 

1.95E*4 

1.35Ei 5 

2.23E314 

Table 1: The first six lowest frequency modes of the 3.1 GeV ring. 

In our model, the cut,& frequencies (harmonics) of the two rings are: respec- 
t,ivrly: fc z 2.50 GeV (nc = 6120) and fc = 2.50 GeV (nc = 18300). IVe see that 

t.he resonances occur at very high frequencies but, the impedances per harmonic 

can be appreciable. The impedance per harmonic appears t:o increase for higher 
modes as drpict,ed in Tables 1 and Il. In fact. it will fall off ue~y fast after some 

modes. For example, Z;,/n reaches a maximum of 0.213 ohms /TEN) for the low- 

energy ring and 0.0311 ohms (TE,,) f or t.he high-energy ring. These resonances 

appear to be different from those impedances arising from disconi.inuities of the 
vacuum chamber, because beam particles at different radii Fi see different sets 

of toroidal resonances. Therefore. the impedance of the ij-th mode Z,;(R) is a 
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Mode ~ Frequency Harmonics / Z,TESTM,‘n Q 

GHz ohms 
.__--I-.. __,~.~,._~ 

7 6 9.13E-4 ~ 4.22L4 TE,,, ~ 316 ; 2.31E 

I ! 
T&II0 395 2.90E 

T&o 465 

~ 3.41E 

+6 ~ 1.26Ep3 ~ 1.19E-4 

16 1.42E-2 ~ 1.26E+5 
I 

TMza ~ 543 ~ 3,99E+6 2.93EL3 ~ 2.57E-4 
/ 

T&o : 622 ~ 4.56E+6 2.79E-2 1.78Et5 

TM30 i 706 ~ 
L 

5.18E:6 j 3.17&3 ~ 2.93E-4 

Ta,ble II: The first six lowest frequency modes of the 9.0 CeV ring. 

function of R; the radius of curvature of the particle orbit. However, it has been 

shown4 that if Z,,(R) varies slowly xross the bean. (.Z;j/ni is exactly the longi- 

tudinal Z/n that drives t,he self-bunching (or microwave) instability of the beam. 

Therefore. random currents (Schottkx noise) which exist at arbitrary frequencies 
on a bunched beam can in principle generate internal bunch instabilities. Here: 

for the TElo mode of the lox-energy ring, Z,, TE varies by 9.7% across a beam nidth 

of I mm. 

Becausr of the intense synchrotron radiation from the electrons OT positrons, 

int,ensive pumping often requires a rather wide width of the beam pipe. For 
example. the beam orbit of t.he 9.0 GeV ring can be b = 41 cm from the out,er 

wall of thr beam pipe. The lowest resonance (TE,,) then occurs at 108 Ge\. 

only. much lower than the corresponding 316 Ge\’ for b = 6 cm. However, the 

impedance per humonic becomes much smaller, Zln = 1.16 x 1Vz2 ohms. As 
a result_ theses resonances play no role in the beam dynamics at all and can be 

safeI!- neglectrd. Table III shows the frequency and Z/n of the lowest resonance 

(TE,,) as a function of the radial distance b from the beam orbit to thr outer wall 
of the vacuum chamber. 

III. CENTRIFUGAL SPACE-CHARGE FORCE 

In a straight beam pipe. a particle beam also induces t,ransrerse space-charge 
force on a beam particle. This force is of the order 1’ due to the near cancella,tion 

of the electric and ma,gnetic fields. However, in curred geometr>-: this cancellation 
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b 

cm 

6 

12 

18 

24 

30 

36 

42 

Frequency 

Ge\ 

316 

210 

168 

143 

127 

115 

106 1 

Harmonic 

2.32E-6 

1.54E-6 

1.23E-6 

1.05Ei6 

9.33E+5 

8.47W5 

7.80E+5 

zT”ln 
10 f Q 

ohms 

9.14E-04 4.22E+,4 

1.3OE-06 4.5OEi4 

9.11E- 10 4.66Ei4 

4.75E-13 4.77Et4 

2.1OE% 16 4.84E+4 

8.37E-20 ~ 4.89E+4 

3.1OE-23 ~ 4.92Et4 
L 

Ta,ble III: Mode TElo for the 9 GeV ring as a function of b: distanrr from beam 

orbit to outer wall of beam pipe. 

is incomplete, leaving behind’+ 

pi - a x lqac - & , 
0 

even when the particle velocity i: equal c. In t,he above, R is the radius of the 

beam orbit and X is t.he line charge densit,y of the beam. This residual force 
has been t.rrmed ‘centrifugal space-charge force” (CSCF). Lee’ pointed out that 

there is another transverse forcr of equal ma,gnitude in t,he curved beam pipe. This 

second force is a result of oscillations of t,he particle’s kin&c energy in the present 

of the beam’s electric potential. as t,he particle undergoes betatron oscillat.ions. 

Although these two transverse forces will cancel each other considerably so that, 

excit,ation high-order resonances may no longer be a concern, nevertheless, they 

can still affect the bet,atron tunes and chromat,icities. 

If we denote by 6~ the radial deviation of a, particle from the ideal beam orbit. 

the equation governing the radial motion can be linearized to 

&“= [~~~~(~t::~-‘i~)]__,c~, (3.2) 

where m is the mass of the particle, ‘prime’ is the derivative taken along the beam 

orbit, and we ha,ve let z‘ + c. The radius of t,hr orbit, R is given by 

7mc=eR(+). (3.3) 
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In Eq. (3.2). the mdial electric field E, arises from space rhargr while the vertical 

magnetic flux dmsit,y 8, contains a space-charge part and an external part. The 

term E,/cT is the space-charge force due to kinetic-energ>- oscillation while the 

red is CSCF. Following Lee: we separat~e out ihe space-chargr (sc) parts of the 

fields and define at T = R 

F = - (: + Bz)8,~r=R (3.4) 

Then, Eq. (3.2) can be rewritten as 

hr” = --- -. ..-- I if .R(lI.;,,(-~-~)]~~~ 

(3.5) 

(3.6) 

where B is the vertical guide field of the dipoles and quadrupoles. Lee showed 

t,hat 

(3.7) 

and is positive, while 

(3.8) 

with 2, = 376.7 ohms and is also positive. The asymmrt,ric rings carry average 

beam currents of 3 amp with bunches containing A’ = 1.589 x 10” pwticles 

each. In the higher- (lower-) energy ring, there are 864 (288) bunches of rms 

length o( = 1.0 cm (1.4 cm). Expressing in terms of the electron classical mdius 
T, = 2.818 x 10m’5 ml we obtain 

F T,N 

1 

6.36 x 1O-7 higher-energy ring 
~---= 
B 4Q1 (3.9) 

1.32 x 10m6 lower-energy ring 

showing that the effects of curvature should be wry small. In computing the mod- 

ification to the betatron tunes !iu: aG/aR can be neglected at t.hr quadrupoles 

where aB/aR is large, but must be retained elsewhere. 1Ve get 

Au 5 ~[-~I:~)l~~[~I:~‘““~)(~)df] 

- 0 [-; (;)I i 0 [-A (E)] 

- 0 1-F (;)I + (7 [-.: (;)I 

where B(s) is the horizontal beta-function. \Ve see that. t,he modifications t,o the 

tunes are extremely small. The same applies to thr vertical tunes. 



IV. FREE-SPACE RADIATION 

In free spxc without any beam pipe, the power spectrum radiat,ed by a particle 

carrying charge t a,nd traveling along a curw with ndius of curnture p. as derived 

by Schaingrr,” is (in mks units) 

for LU < ~1~: and drops exponentially as 

when u, >> ufa. In the above: the angular frequency is defined a wg = ,/Ycjp and 

the critical angular frequency is ~1~ = 2y3w0. Not,e that “,a is only an order of 

magnitude; it has also been defined as i13~0 by some a.uthors.The power radia,ted 

into each harmonic n 1 &/Bc is P,, = uoP(w). where R is the average ndius of 

the particle orbit,. Th? impedance at the n-t,11 harmonic seen by beam particle is 

giwm by 2, = 2P,/Iz. where I,, = e,&/xfi is the n-th harmonic Fourier current 

a,mplit,ude of the &function charge under consideration. Including the reactive 

parts but neglecting the higher-order terms. we obtain for n CC nf.: 

2 =&-f (;) [y] ($4;) 
(3.3) 

The squared-bracketed term gives 0.93889. Since R is usually larger than p> 

therefore very closely 

wit,h Z. = 376.7 ohms. 

12’ - zdf3 (4.4) 

There is a fundamental difference in the qualit,y of the free-space ra,diation 

and the ndiation insidr a beam pipe. In free space. the radiation spect,rum 

is continuous, whereas inside a beam pipe it consists of discrete resonances in 

order to satisfy the boundary condition at the pipe’s ~~~11s~ as was demonstrated 

in Section II. In a storage ring. the beam is shielded by a beam pipe so that 
radia,tion int.o the infinire free spxe is not possible below cutoff frequency of the 

beam pipe. Abore cutoff. however, electromagnetic waves can propagate inside 

the vacuum chamber. When the wavelength of the radiation is a few times less 

than the radius of the beam pipe, it appears that the presencr of the pipe’s walls 
is irrelevant. This implies that the coupling impedance should be given roughly 

by the free-spxe radiat,ion value. 



The resonances inside a toroidal beam pipe st,ari with the TE,, mode at a 

harmonic R, given approxinmtely for large h by9 

R+O ?. 
_ = It O.ROR62n3 3 , 

R 

where R = p is the radius of the heam orbit and b = R, ~ R its distance t.o the 

outer wall of the vacuum chamber. Zote that criterion (2.1) has been included in 

Eq. (4.5). LVr obtain 

(4.6) 

where we have approximat,ed 0.7271 by l/\/2. It was also shoxvn in Eq. (4.28) of 

Ref. 1 that the shunt impedance over Q of the resonances falls off exponentially 

Z (-1 
TE,TM 

Q i, 
z ,-w3-,. 

a,ccording to the free-space cutoff harmonic nf8 = 29 in the same way as the free- 

space radiation in Eq. (4.2). From Eq. (4.6)> we see that the toroidal resonances 
can begin at, a large range of values. When i >> $, 

na-~(f)~<+(21’): - 273 = R," 

Thus the toroidal resonances exist from n. to n,# where they roll 

off exponentially. When { - & = $ or r 3 ~ ($" = 2-34zf~, thr start of the 

reso*mnces moves to R, = nf., Thus Z/Q of the resonances drop off rapidly. 

LVhen g ~ & < & or 5 (f)“‘“- nfa, the start, of t,he resona,nces is very much 

above nfa and moves to infinity eventually, implying that thcsr resonances are 

of negligibly small values. Finally when i < & or L7 E L ( b)3’2 > nj-, there is no 

solution to n, in Eq. (4.5j implying that the resonances do not exist at all. 

Coming back to the sit,uation where toroidal resonances are possible. From 
Table 111, we know that, the frequency will br at least 106 GHz, or the wavelength 

at most - 3 mm. Thus the pumping ports may have openings bigger t,han t,he 

wavclengt,hs of thee resonances. The beam will therefore see a rather diffused 
vacuum-chamber. Th? result is that the resonances will be heavily de~Qued a,nd 

ovrrlap each ot,her. The spectrum will become more and mox continuous. If the 

port openings are made still larger, the radiation will pass through those openings 

as if there were no beam pipe at all. The radiation therefore resembles free-space 

radiation. \Ve may therefore conjecture that if the Z/n of t,hese resonances were 
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awmged over the range of harmonics in Eq. (4.8). the average wxlld be given by 
the free-space 2,/n of Eq. (4.3). 

A vu!- wide beam pipe of full height h with pump-port openings at the outer 

wall is very similar to t,wo infinite parallel plates separated b!- \I. Thr peak value 

of t,he resistive component of the coupling impedance is found TO be” 

7L (;) - 300 ($ ohms : 

at roughly the harmonics 

(4.9) 

(4.10) 

when the synchrot,ron radiation is fully unshielded. ?;otr that Eqs. (4.9) and 

(4.10) are compatible to Eq. (4.4). F or the low (high-) energy ring, this amounts 

to 0.039 ohm (0.013 ohm) and is the peak impedance loss per harmonic due to 

radiation. 
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